
Practica 9
Multiplicadores de Lagrange.
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Ejercicio 1

Considere una placa circular plana de ecuación:

incluyendo la frontera. Esta placa se calienta tal que el 
calor en un punto (x,y) esta dado por

Halle la temperatura en los puntos mas calientes y mas 
fríos sobre la placa.

x2 + y2 ≤ 1

T (x, y) = x2 + 2y2 − x .
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Gráfica de nivel de la temperatura 
T(x,y)
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Esquema aproximado 
de la placa
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Sea f(x,y), tal que:

¿debe tener f(x,y) un máximo o un mínimo en (a,b)?
Razone su respuesta.

∂f(a, b)
∂x

=
∂f(a, b)

∂y
= 0

Ejercicio 2.
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Problema 1.

Extremos sobre una elipse.

   Encuentre los puntos sobre la elipse de ecuación

donde la función

alcanza sus valores extremos

x2 + 2y2 = 1

f(x, y) = xy
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f(x, y) = xy
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 end do;
 # (0,0) is a saddle point
 # ( 9/4,  3/2) is a local minimum
 : (assigned functions and bounds will vary)Mathematica
 Clear[x,y,f]
 f[x_,y_]:= x y 3x y2 3

! "

 xmin= 5;  xmax= 5;  ymin= 5;  ymax= 5;" "

 Plot3D[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, AxesLabel {x, y, z}]Ä

 ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading False, Contours 40]Ä Ä

 fx= D[f[x,y], x];
 fy= D[f[x,y], y];
 critical=Solve[{fx==0, fy==0},{x, y}]
 fxx= D[fx, x];
 fxy= D[fx, y];
 fyy= D[fy, y];
 discriminant= fxx fyy fxy"

2

 {{x, y}, f[x, y], discriminant, fxx} /.critical

14.8  LAGRANGE  MULTIPLIERS

 1. f y x  and g 2x 4y  so that f g  y x (2x 4y )  y 2x  and x 4y™ ™ ™ ™œ ! œ ! œ Ê ! œ ! Ê œ œi j i j i j i j- - - -

  x 8x    or x 0.Ê œ Ê œ „ œ- -
#

È2
4

 CASE 1: If x 0, then y 0.  But (0 0) is not on the ellipse so x 0.œ œ ß Á

 CASE 2: x 0    x 2y  2y 2y 1  y .Á Ê œ „ Ê œ „ Ê „ ! œ Ê œ „-

È2
4

È ÈŠ ‹
#

# "

#

 Therefore f takes on its extreme values at  and .  The extreme values of f on the ellipseŠ ‹ Š ‹„ ß „ ß"

È È2 2
2 2

" "

# #

 are .„

È2
#

 2. f y x  and g 2x 2y  so that f g  y x (2x 2y )  y 2x  and x 2y™ ™ ™ ™œ ! œ ! œ Ê ! œ ! Ê œ œi j i j i j i j- - - -

  x 4x   x 0 or .Ê œ Ê œ œ „- -
# 1

2

 CASE 1: If x 0, then y 0.  But (0 0) is not on the circle x y 10 0 so x 0.œ œ ß ! " œ Á
# #

 CASE 2: x 0    y 2x x  x x 10 0  x 5  y 5.Á Ê œ „ Ê œ „ œ „ Ê ! „ " œ Ê œ „ Ê œ „-
1
2

ˆ ‰ a b È È"

#

# #

 Therefore f takes on its extreme values at 5 5  and 5 5 .  The extreme values of f on theŠ ‹ Š ‹È È È È„ ß „ ß"

 circle are 5 and 5."

 3. f 2x 2y  and g 3  so that f g  2x 2y ( 3 )  x  and y™ ™ ™ ™œ " " œ ! œ Ê " " œ ! Ê œ " œ "i j i j i j i j- -
- -

# #

3

  3 10  2  x 1 and y 3  f takes on its extreme value at (1 3) on the line.Ê " ! " œ Ê œ " Ê œ œ Ê ßˆ ‰ ˆ ‰- -

# #

3
-

 The extreme value is f( ) 49 1 9 39."ß $ œ " " œ

 4. f 2xy x  and g  so that f g  2xy x ( )  2xy  and x™ ™ ™ ™œ ! œ ! œ Ê ! œ ! Ê œ œi j i j i j i j# # #
- - - -

  2xy x   x 0 or 2y x.Ê œ Ê œ œ
#

 CASE 1: If x 0, then x y 3  y 3.œ ! œ Ê œ

 CASE 2: If x 0, then 2y x so that x y 3  2y y 3  y 1  x 2.Á œ ! œ Ê ! œ Ê œ Ê œ

 Therefore f takes on its extreme values at ( 3) and ( ).  The extreme values of f are f(0 3) 0 and!ß #ß " ß œ

 f( 1) 4.#ß œ

g(x, y) = x2 + 2y2 − 1
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 fy= D[f[x,y], y];
 critical=Solve[{fx==0, fy==0},{x, y}]
 fxx= D[fx, x];
 fxy= D[fx, y];
 fyy= D[fy, y];
 discriminant= fxx fyy fxy"

2

 {{x, y}, f[x, y], discriminant, fxx} /.critical

14.8  LAGRANGE  MULTIPLIERS

 1. f y x  and g 2x 4y  so that f g  y x (2x 4y )  y 2x  and x 4y™ ™ ™ ™œ ! œ ! œ Ê ! œ ! Ê œ œi j i j i j i j- - - -

  x 8x    or x 0.Ê œ Ê œ „ œ- -
#

È2
4

 CASE 1: If x 0, then y 0.  But (0 0) is not on the ellipse so x 0.œ œ ß Á

 CASE 2: x 0    x 2y  2y 2y 1  y .Á Ê œ „ Ê œ „ Ê „ ! œ Ê œ „-

È2
4

È ÈŠ ‹
#

# "

#

 Therefore f takes on its extreme values at  and .  The extreme values of f on the ellipseŠ ‹ Š ‹„ ß „ ß"

È È2 2
2 2

" "

# #

 are .„

È2
#

 2. f y x  and g 2x 2y  so that f g  y x (2x 2y )  y 2x  and x 2y™ ™ ™ ™œ ! œ ! œ Ê ! œ ! Ê œ œi j i j i j i j- - - -

  x 4x   x 0 or .Ê œ Ê œ œ „- -
# 1

2

 CASE 1: If x 0, then y 0.  But (0 0) is not on the circle x y 10 0 so x 0.œ œ ß ! " œ Á
# #

 CASE 2: x 0    y 2x x  x x 10 0  x 5  y 5.Á Ê œ „ Ê œ „ œ „ Ê ! „ " œ Ê œ „ Ê œ „-
1
2

ˆ ‰ a b È È"

#

# #

 Therefore f takes on its extreme values at 5 5  and 5 5 .  The extreme values of f on theŠ ‹ Š ‹È È È È„ ß „ ß"

 circle are 5 and 5."

 3. f 2x 2y  and g 3  so that f g  2x 2y ( 3 )  x  and y™ ™ ™ ™œ " " œ ! œ Ê " " œ ! Ê œ " œ "i j i j i j i j- -
- -

# #

3

  3 10  2  x 1 and y 3  f takes on its extreme value at (1 3) on the line.Ê " ! " œ Ê œ " Ê œ œ Ê ßˆ ‰ ˆ ‰- -

# #

3
-

 The extreme value is f( ) 49 1 9 39."ß $ œ " " œ

 4. f 2xy x  and g  so that f g  2xy x ( )  2xy  and x™ ™ ™ ™œ ! œ ! œ Ê ! œ ! Ê œ œi j i j i j i j# # #
- - - -

  2xy x   x 0 or 2y x.Ê œ Ê œ œ
#

 CASE 1: If x 0, then x y 3  y 3.œ ! œ Ê œ

 CASE 2: If x 0, then 2y x so that x y 3  2y y 3  y 1  x 2.Á œ ! œ Ê ! œ Ê œ Ê œ

 Therefore f takes on its extreme values at ( 3) and ( ).  The extreme values of f are f(0 3) 0 and!ß #ß " ß œ

 f( 1) 4.#ß œ

7



 

El valor extremo de f

Caso 1: 

Si x=0 entonces y=0, pero (0,0) no esta en la elipse
entonces x no puede ser igual a cero.

x != 0

Caso 2: 

Si x es diferente de cero, entonces:
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Problema 2.

   Encuentre los puntos sobre la superficie de ecuación

mas cercanos al origen.

x2y = 2

9



910 Chapter 14 Partial Derivatives

 5. We optimize f(x y) x y , the square of the distance to the origin, subject to the constraintß œ !
# #

 g(x y) xy 54 0.  Thus f 2x 2y  and g y 2xy  so that f g  2x 2yß œ " œ œ ! œ ! œ Ê !
# #

™ ™ ™ ™i j i j i j-

 y 2xy   2x y  and 2y 2 xy.œ ! Ê œ œ- - -a b# #i j
 CASE 1: If y 0, then x 0.  But (0 0) does not satisfy the constraint xy 54 so y 0.œ œ ß œ Á

#

 CASE 2: If y 0, then 2 2 x  x   2 y   y .  Then xy 54  54Á œ Ê œ Ê œ Ê œ œ Ê œ- -
" " "# # #

- - - - -

ˆ ‰ ˆ ‰ ˆ ‰2 2

      x 3 and y 18  x 3 and y 3 2.Ê œ Ê œ Ê œ œ Ê œ œ „- -
$ #" "

27 3
È

 Therefore 3 2  are the points on the curve xy 54 nearest the origin (since xy 54 has pointsŠ ‹È
$ß „ œ œ

# #

 increasingly far away as y gets close to 0, no points are farthest away).

 6. We optimize f(x y) x y , the square of the distance to the origin subject to the constraint g(x y)ß œ ! ß
# #

 x y 2 0.  Thus f 2x 2y  and g 2xy x  so that f g  2x 2xy  and 2y xœ " œ œ ! œ ! œ Ê œ œ
# # #

™ ™ ™ ™i j i j - - -

  , since x 0  y 0 (but g(0 0) 0).  Thus x 0 and 2x 2xy   x 2yÊ œ œ Ê œ ß Á Á œ Ê œ-
2y 2y
x x

ˆ ‰ # #

  2y y 2 0  y 1 (since y 0)  x 2 .  Therefore 2 1  are the points on the curveÊ " œ Ê œ # Ê œ „ „ ßa b È ÈŠ ‹#

 x y 2 nearest the origin (since x y 2 has points increasingly far away as x gets close to 0, no points are# #
œ œ

 farthest away).

 7. (a) f  and g y x  so that f g  (y x )  1 y and 1 x  y  and™ ™ ™ ™œ ! œ ! œ Ê ! œ ! Ê œ œ Ê œi j i j i j i j- - - -
"

-

 x   16  .  Use  since x 0 and y 0.  Then x 4 and y 4  the minimumœ Ê œ Ê œ „ œ # # œ œ Ê
" " " "

- -
- -4 4

 value is 8 at the point (4 4).  Now, xy 16, x 0, y 0 is a branch of a hyperbola in the first quadrantß œ # #

 with the x-and y-axes as asymptotes.  The equations x y c give a family of parallel lines with m 1.! œ œ "

 As these lines move away from the origin, the number c increases.  Thus the minimum value of c occurs
 where x y c is tangent to the hyperbola's branch.! œ

 (b) f y x  and g  so that f g  y x ( ) y x y y 16 y 8™ ™ ™ ™œ ! œ ! œ Ê ! œ ! Ê œ œ ! œ Ê œi j i j i j i j- - -

  x 8  f( ) 64 is the maximum value.  The equations xy c (x 0 and y 0 or x 0 and y 0Ê œ Ê )ß ) œ œ # # $ $

 to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- and y-
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 x y 16.! œ

 8. Let f(x y) x y  be the square of the distance from the origin.  Then f 2x 2y  andß œ ! œ !
# #

™ i j
 g (2x y) (2y x)  so that f g  2x (2x y) and 2y (2y x)  ™ ™ ™œ ! ! ! œ Ê œ ! œ ! Ê œi j - - - -

2y
2y x!

  2x (2x y)  x(2y x) y(2x y)  x y   y x.Ê œ ! Ê ! œ ! Ê œ Ê œ „Š ‹2y
2y x!

# #

 CASE 1: y x  x x(x) x 1 0  x  and y x.œ Ê ! ! " œ Ê œ „ œ
# # "

È3

 CASE 2: y x  x x( x) ( x) 1 0  x 1 and y x.  Thus fœ " Ê ! " ! " " œ Ê œ „ œ " ß œ
# # " "Š ‹È È3 3

2
3

 f  and f(1 1) 2 f( 1 1).œ " ß" ß" œ œ " ßŠ ‹" "

È È3 3

 Therefore the points (1 1) and ( 1 1) are the farthest away;   and  are the closestß" " ß ß " ß"Š ‹ Š ‹" " " "
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Caso 1: 

Si x=0 entonces y=0, pero g(0,0) no es cero, entonces:

x != 0

Caso 2: 

Si x es distinto de cero, entonces:

2x = 2xy

(
2y

x2

)
⇒ x2 = 2y2 ⇒

(
2y2

)
y − 2 = 0⇒ y = 1

como y>0

x = ±
√

2
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Ejercicio 3.

   Utilice el método de los multiplicadores de Lagrange 
para encontrar el valor mínimo de la función

sujeta ala restricción

f(x, y) = x + y

xy = 16, x > 0, y > 0 .
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